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ON THE SOLVABILITY OF 
ATMOSPHERIC POLLUTION PROBLEM 
NGUYEN VAN NGOC 
ABSTRACT. The investigation of mathematical models of environment pollu-
tion problems attracts great attention of mathematicians. This work deals 
with a mixed initial boundary problem of nonstationary diffusion equation de-
scribing an air pollution process. The uniqueness and existence theorems are 
obtained for the considered problem in three- dimensional case. 
1. INTRODUCTION 
Let G be a bounded domain in the space R3 with a sufficiently regular 
boundary 8, x = (Xl, X2, X3) E G,O < t < T < 00. Denote by QT the 
cylinder :G x (0, T), by tJ = tJ(x) = (Ul, U2, U3) the wind velocity, and 
by <p(x, t) the concentration of the pollutant. As is known, the process 
of pollutant transport and diffusion in the atmosphere is described by the 
following equation [2] 
D<P ~ at + div(U<p) + O"<p div(f-l\7<p) = j, (1.1) 
where O"(x) and f-l(x) are continuous functions in G, moreover 0 :::;; O"(x) :::;; 
0"0,0 < f-lO :::;; f-l(x) :::;; f-l1, 0"0, f-lo, and f-l1 are positive constants, \7 is the 
gradient operator, j = j(x, t) is a given function in a suitable space. 
We shall consider the equation (1.1) with the fllowing boundary and initial 
conditions 
(1.2) 
(1.3) 
where n is outer normal to 8,81 and 82 denote two parts of 8: 81 U82 = 8, 
and besides 
Here Un is the project of tJ to the normal n, u;t = u;t(x) E C(82 ). 
For the vector tJ we make the following assumption (see [1]) 
divtJ = O. 
(1.4) 
(1.5) 
The uniqueness of solution for the problem (1.1)-(1.4) was devoted for-
mally in [2]. To our knowledge, the existence of solution for this problems 
has not payed attention appropriately. 
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The aim of the present work is to obtain existence and uniqueness theo-
rems for the problem (1.1)-(1.4) in some suitable functional spaces. 
2. UNIQUENESS THEOREM 
In the sequence we assume that the numbers and functions used in this 
work are real. Let Hm(G) be the Sobolev space (see [1,3]), where m is a 
non-negative integer number. We shall use the following notations 
H = H O (G) = L 2 (G) , ii = H x H x H 
Definition 1. Denote by jjl (G) the space defined as the closure of the set 
C1 (G) of differentiable functions satisfying the condition 
(2.1) 
whith respect to the norm of the space HI ( G). The norm in is defined by 
the same way as in HI ( G). 
Le us define the following bilinear form 
(2.2) 
where (,)X denotes the scalar product in the Hilbert space X. By virtue of 
the conditions on 0", {L and (2.1) the bilinear form ¢ satisfies the following 
inequalities (see [1,3]) 
(2.3) 
where 0: and f3 are certain positive constants. 
Let X be a Banach space. Denote by L2(O, T; X) the space of functions 
v such that (see[3]) 
v : (0, T) ---+ X, 
( rT ) 1/2 Ilv IIL2(O.T;X):= Jo Ilvll~dt < 00. 
We assume that 
f(x, t) E L2(O, T; H), <po(x) E H. (2.4) 
Definition 2. The function <p E L2(O, T; jjl(G)) satisfying the condition 
(1.3) is called the generalized solution in QT of the problem (1.1)-(1.4) if 
J(<p,<p*):= foT[(~~'<P*)H +¢(<p,<p*) + h2 U;t<p<p*ds 
- (<p,div(<p*U)) - (f,<p*)H]dt 0 
for any <p* E L2(0, T; jjl(G)). 
It is not difficult to show that the equality (2.5) is equivalent to the 
following equality 
r [~<p + div(U<p) + O"<p - div({LV<p) - f]<p*dQT = 0, (2.5) JQT ut 
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where <p,<p* E L2(0,T;jjl(G)) and U satisfies the condition (1.5). 
Theorem 2.1. Under the conditions (1.5) and (2.4) the problem (1.1)-(1.4) 
has at most one solution in L2(0,T;jjl(G)). 
Proof. Let f = ° and <Po = 0. We shall show that this problem has only the 
trivial solution. Indeed, taking <p* = <p in (2.5) we have 
Using the Green formula and condfitions (1.5), (2.1) we get 
rT(<p,diV(<PU))Hdt= ~ rT dt r U;;<p2ds. 
J'o J'o J'S2 
In virtue of the condition <p(x, 0) = 0, from (2.7) and (2.8) it follows 
(2.7) 
Due to (1.4) and (2.3), from the last equality we have <p(x, t) == ° in QT. 0 
3. EXISTENCE THEOREM 
Assume that {Wj (x)} (j = 1,2, ... ) is an orthonormal basic in the space 
jjl(G). We shall find an approximative solution of the equation (2.5) in the 
form 
m 
<pm(x, t) = LPjm(t)Wj(x), 
j=l 
where Pjm(t) are determined from conditions 
J(<Pm, a(t)wj) = 0, 
a(t) is an arbitrary function in e[O, T]. 
Now substituting (3.1) into (3.2), after some transformations we get 
r
T ~ dPjm(t) ~, J'n {L-- dt (Wi,Wj)H + L--Pim(t)[CP(Wi,Wj) 
o i=l i=l 
+ r U;;wiwjds - (Wi, div(wjU))]}a(t)dt = r
T 
(1, Wj)Ha(t)dt. J'~ h 
j=1,2, ... ,m. 
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The last equality is true for any arbitrary function a(t) E C[O, T]. From this 
it follows 
1 + . ~ + Un WiWjds - (Wi, dlV(WjU))] = (j,Wj)H, 52 
j 1,2, ... ,m. 
Sinse the system functions {Wj} is linear independent, then for any m ~ 1 
the determinant of the matrix with elements (Wi, Wj )H; i, j = 1,2, ... , m is not 
equal to zero (see [3], p.299). Therefore, the system (3.4) may be reduced 
to the form 
(3.4) 
The system of differential equations (3.5) has a unique solution belonging 
to Hl(O, T) (see [3]). 
Now multiplying by Pjm(t) both parts (3.4), summing the obtained equal-
ities over j from 1 to m and taking into account of (2.8), (3.1) we get 
1 d I 112 11 + 2 -2" dt l'Pm(t) H + ¢('Pm, 'Pm) + 2" Un 'Pnds - (j, 'Pm)H. 
52 
(3.5) 
Integrating (3.5) with respect to t from ° to ~ E (0, T) we have 
Obviously, from the last equality we get 
1~ 11~ 1 1 1~ ¢('Pm, 'Pm)dt + dt U;t'P~ds ~ II'Pm(0)117:r + (j, 'Pm)Hdt o 2 0 52 2 ° 
1 2 C r~ 2 1 r~ 2 ~ 2"11'PoIIH + 2" Jo II'PmlIHdt + 2c Jo IlfllHdt, (3.6) 
where c is a positive constant. Choosing c sufficienly small and taking 
account of the equivalence of II 'Pm II ~[1 (G) to the following 
¢('Pm, 'Pm) + ~ r U;t'P~ds J52 
(see [3], p. 149) from (3.7) we obtain the estimate 
II'Pmllp(o,T;Hl(G)) ~ C, (3.7) 
where C is positive independent on m constant. 
In view of the estimate (3.8) we can conclude that 'Pm --+ 'P(m --+ 00) 
weakly in L2(0, T; jjl(G)). It is not difficult to show that the functional 
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J defined by the formula (2.5) is continuous on L2(0,T;jjl(G)). Therefre, 
letting in (3.2) m -7 00 we obtain 
J(<p,aw) = 0; j = 1,2,3,... (3.8) 
Sine the set of all linear combinations of functions a( t )Wj (x), where j = 
1,2, ... and a(t) is arbitrary function from e[O, T is dense in L2(0, T; jjl(G)) 
(see [3], p.301) then from (3.9) it follows that the equality (2.5) is true for 
an arbitrary <p* E L2(0, T; jjl(G)). By the same way as in [1,3] we can show 
that the condition (1.3) is fulfilled. 
Thus, one has the following 
Theorem 3.1. Under the above mentioned assumptions 0, (J, f-t and U;;, 
for every f and <Po satisfying the condition (2.4) the problem {1.1}-(1.4} has 
an unique solution <p E L2(0, T; jjl(G)). 
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